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Exercise 6.1 [The Compactness Theorem for predicate logic]
Let A be a formula in first order predicate logic such that for each n P N, A has a

model M with |M| ¥ n.
a) Present for each n P N a formula Bn such that for every structure M, M |ù Bn if

and only if |M| ¥ n.
b) Consider the set Σ � tA ^ Bn | n P Nu. Using the compactness theorem for first

order predicate logic, show that Σ is satisfiable.
c) Show that A has an infinite model.
d) Conclude that there is no formula F such that M |ù F if and only if M has a finite

domain.

Exercise 6.2 [A validity test]
Show that there is an algorithm that, given a formula of the form

@x1 � � � @xnDy1 � � � DymB,

where B is quantifier-free and contains no function symbols of arity ¥ 1, determines
whether the formula is a tautology. Hint: Consider the Herbrand expansion.

Exercise 6.3 [Decidable theories]
Let Σ be a complete theory for which a recursively enumerable axiom system is

available. Show that Σ is decidable. Hint: Consider derivations in the system F .

Exercise 6.4 [Completeness and Consistency]
Show that a theory Σ is complete if and only if there is no formula A such that

TΣYtAu and TΣYt Au are consistent. Note: Hence, you have shown that completeness
means that the theory cannot be extended consistently in two ways that contradict each
other.


